Introduction
In the industrial practice, arrays of longitudinal rectangular profile fins are largely used to improve both the reliability and performance of electronic, telecommunications and power conversion systems and they find a specific application in the heat sinks for electronic cooling. The increase in the power density of electronic components currently under development and newer applications in the automotive industry and air cooled fuel cells require significant improvement in performance and are reshaping the way we design and manufacture heat sinks and finned arrays. This require a reexamination of the materials and methods used to manufacture fin arrays and optimization criteria. The optimization of extended surfaces is a classical heat conduction problem [1] [2] [3] but there are a lot of aspects requiring to be investigated and clarified mainly for what concerns the optimization of free and forced convection fin arrays. The analysis of recent literature shows that the argument is still object of discussion [4] [5] . The longitudinal rectangular fin arrays made possible an analytical approach to the optimum design, that can furnish suggestions also for more complex extended surface configurations.
It is possible to formulate several optimum design problems of fin arrays in convective heat transfer. In particular for arrays of longitudinal rectangular fins with constant thickness, there are mainly two approaches to perform a thermal optimization:
1) minimization of the weight for a given heat flow (dissipation), or maximization of the heat flow for a given weight, the dimensions of the optimum fin array are obtained assuming it composed by individually optimized fins;
2) considering simultaneously the fins and the unfinned area on the array base, a particular objective function to be minimised (maximised) can be defined (e.g. the weight of the fin array, the thermal resistance, the pressure drop etc.) obtaining, as result of the optimization process, the design of the fin array in term of number of fins, fin dimensions and interfin space.
The approach no. 1 gives origin to a design method, usually iterative and, if based on the optimum individual fin with adiabatic tip, quite simple and diffused in the practice. Extensive literature exists on this optimization problem [1] . About the second approach, the literature is less rich and where investigators consider it, in order to obtain analytical solutions, frequently they introduce simplified assumptions that made difficult to have a common reference base for the solution of the problem. The approach, referred in some meaningful papers [1, [6] [7] [8] [9] [10] , can be quite complex but it seems to be idoneous to define solutions more convenient, especially in the application to advanced thermal control systems as in the case of electronic equipment [8] .
Considering the problem of the thermal optimization of the fin array, the role, that the fluiddynamic conditions on the surface has in the optimization, appears evident. The convective heat transfer coefficient depends on the dimensions of the interfin spacing, both in natural and in forced convection. A variation both of the interfin spacing and of the fin height can involve a variation of the heat transfer coefficient and ane optimization procedure would require modeling the heat transfer coefficient variation as a function of the interfin spacing. This makes difficult to obtain an analytical solution of the problem without simplifications.
According to the approach no. 2, i.e. considering simultaneously the fins and the primary surface of the array, the purpose of this paper is to revise the problem of the optimum thermal design of convectively cooled arrays of longitudinal rectangular fins and to suggest a new point of view for the solution of the problem. The optimum design of the fin arrays is considered as a classical multivariable optimization problem with inequality constraints and the optimum solution is found by minimizing the an objective function obtained by means of the analysis of the thermal problem, while other possible objective functions are transformed in constraints of the problem. In the case proposed, the fluid-dynamic problem has been bypassed imposing a minimum value of the interfin spacing, so that a well defined heat transfer coefficient on the fin faces can be maintained, varying the cross stream velocity by means of a fan.
Therefore the minimum interfin spacing is considered as a preassigned parameter, like the heat transfer coefficients on the tip, on the fin faces and on the base surface. The fin thickness, the fin height, the interfin spacing and the number of fins of the array are the independent optimization variables. In this way the problem can be solved analytically by a classical optimization technique: the generalized method of Lagrange multipliers.
Model of the fin array
The present analysis is limited to an array of rectangular longitudinal fins with constant thickness attached to a base plate surface, the primary surface. It is based on the Murray and Gardner assumptions provided in [11] with the exception of the insulated tip. Therefore there are two different heat transfer coefficients, h on the fin faces and h* on the fin tip, both assumed uniform and constant.
The author have already developed a method for the optimum design of the single longitudinal fin based on the aforesaid model [12] ; this method can be used also for the design of a fin arrays according to the approach no. 1 of the introduction, while the method proposed in the present paper can be directly related to the approach no. 2.
For the fin array the conductive model is the same of the single fin, assuming a further hypothesis: the unfinned area of the array base is isothermal, with the same temperature of the base of the fin, and the heat transfer coefficient ' h is uniform and constant. It has been already mentioned that, to consider constant the heat transfer coefficient on the fin faces and on the basic surface is an approximation. Actually, these coefficients depend on the velocity field in the gaps between the fins of the array. Three convective heat transfer coefficients h, h* and ' h are considered, assuming that they maintain a preassigned value if the interfin spacing is greater than a limit value ' c . The idea that finned surface is subjected to uniform surface heat transfer coefficient is well accepted in the literature as discussed also in recent works on the same argument [4, 10] .
Under this hypothesis there is the idea that, for a given longitudinal development of the array, in case of low variations of the dimensions of the fin channels, the mean values of the heat transfer coefficients, mainly in forced convection, can be maintained equal to the previously fixed values with an opportune variation of the fluid flow velocity; this variation is of limited value if the interfin spacing is maintained over 5 mm. [10] . In the first case the number of fins is higher than the interfin spaces, while in the second case there is one interfin space more than the fins. From the "characteristic length of the fin", defined as ratio between the thermal conductivity of the fin material and the heat transfer coefficient on the fin faces:
some dimensionless variables, useful to the array modelization, can be introduced (Table 1) . Among these variables, those related to the array geometry are the following:
while the variables related to the convective boundary conditions are respectively:
The weight of an array composed by a total number of fins n and the total heat flow dissipated 
The weight and the heat flow of the fin array can be given in dimensionless form as:
The weight of the single fin, and the dimensionless heat flow obtained by the 1-D model can be also expressed in dimensionless form as:
As a characteristic case the term χ for the infinitely long fin (ρ→ ∞), approaches to the well known asymptotic value ( As indicative parameter of the fin array performance, the difference between the total heat flow exchanged by the array and the heat flow exchanged by the bare surface (basic surface without fins) operating under the same boundary conditions can be introduced in dimensionless form as:
referred from here as "heat transfer enhancement factor" of the fin array. The parameter Φ can be expressed as a function of some of the previously defined dimensionless quantities
The "heat transfer enhancement factor" relative to the single fin is n Φ = ϕ (12) that can be also expressed in the form
Optimum design problem: main elements
The optimum design problem requires the definition of an objective function, of the thermal and fluiddynamic model of the fin array, of the constraints and of the true variables of the problem. The objective is to minimize the weight of the fin array for a given heat flow or to maximize the heat flow for a given weight of the array. The conductive model of the fin array contains a lot of quantities that must be considered as preassigned parameters: the geometrical dimensions H, , ' c , the physical properties of the materials γ and k, the convective heat 
Constraint on the maximum number of fins
When the geometrical dimensions of the base surface are given, the number of fins of the array is an integer value with a minimum equaling 1 for the closed array or 2 for the open array and a maximum consistent with the minimum permissible interfin space, ' c . Really, the maximum number of fins of the array has to be lower than the real number n
with positive sign for the "open array" and negative for the "closed array", so that yields
Constraint defined by the convenience criterion of the fin array
In the literature the "fin convenience criterion" means the condition for which the finned surface has advantages over the primary surface, considered by thermal or economical point of view. As regards to the thermal point of view, there are different ways to establish that condition: resorting to fin effectiveness [1, 13] , or removal number [3, 14] is usually suggested. In this work the heat transfer enhancement factor (augmentation factor) of the fin array, Φ, defined by Eqs. (10) and (11) is preferred. In particular, it is proposed that the evaluation of the thermal convenience be based both on the condition of positive fin array enhancement factor and also on the analysis of its first derivative with respect to the fin height; according to the idea that the fin has advantages over the primary surface as long as the heat flow increases with the increase of the fin height [13, 15] .
Taking into account the definition of the fin array enhancement factors defined by Eqs. (10)- (13), it is easy to show that the thermal convenience criterion, if the 1-D model holds, involves only the single fin enhancement factor; requiring that:
Imposing the condition on the derivative, i.e. that χ be an increasing function of ρ, it results that, as shown in [12] :
on the other hand, it is not difficult to demonstrate that
Therefore, joining the conditions defined by Eqs. (16) and (17), the thermal convenience criterion, can be summarized as follows
It must be remarked that, assuming equal the heat transfer coefficients h, h* and ' h at the fin faces, at the fin tip and at the primary surface in the gap between the fins, respectively, no difference occurs between the usual condition that the effectiveness be greater than one, or that the criterion defined by Eq. (18a) be satisfied. Moreover, in case of validity of the 1-D model, the aforesaid criterion (18) is completely consistent with each physically meaningful situation 1 h* h' h ′ ω ≠ ω ≠ ⇔ ≠ ≠ and, in particular, with ω = 0, i.e. for fins with adiabatic tip.
Constraint defined by the accuracy of the 1-D conduction approximation
About the application of the 1-D model, for a longitudinal fin with constant thickness it is correct for Biot numbers much less than unity, 1 Bi << [3] . A more specific condition results from the "accuracy criterion" [12] , based on the evaluation of the accuracy of the results obtained with the 1-D fin heat conduction model [16] [17] [18] . As accuracy criterion the following inequality can be assumed:
As example, the accuracy is within the 1% if Bi < 0.04 [12] . So the Biot number, i.e. the fin thickness, is bounded both by the limit values defined by the aforesaid fin thermal convenience criterion and by the accuracy criterion. Obviously, it is necessary that the two conditions be both satisfied. It is not difficult to check that, for the longitudinal fin array, in many engineering situations the accuracy criterion is more restrictive than the convenience criterion. 
Constraint defined by the geometry
where the bounding quantities are coincident at n=n 0 . Because 
By means of Eqs. (6) and (11) the aforesaid values can be turned to dimensional heat flow
where the sign in upper position is for open array and in lower position for closed array.
Really, taking into account that the fin number is an integer, and defining the integers
However a sufficient estimation of max Q can be given by
furthermore after some algebraic calculations, it results that
Final remarks about the constraints
Some useful considerations about the constraints and their implications can be remarked.
First, starting from the assumption that the convenience criterion be satisfied, it is important to determine the condition for which the geometrical constraint is more restrictive than the accuracy one, resulting:
Second, as consequence of the constraints, there is a limit to the array heat transfer enhancement factor, i.e. to the heat flow, consistent with the 1-D model of the fin array.
The dimensionless heat flow of the 1-D fin has a maximum depending on the square root of the Biot number, as given by Eq. (9), while the Biot number is limited by the constraint too.
Therefore it is possible to show that, for the validity of the 1-D model of the fin array, the heat flow is required to be lower than a maximum value, and such maximum bounded as follows for 0 n < n* → ( )
where the sign in upper position is for the "open array" and in lower position for the "closed array" and 
Fin array optimum design: statement of the problem
The problem of the optimization of the fin array, contains the number of fins as integer variable. In order to achieve the optimization with respect to the number of fins, the most The thermal optimization of the fin array can be expressed in the classical form
both satisfying the further constraints:
The problem can be solved by a non-linear programming method [19] [20] .
Minimization of the weight of the fin array for a given heat flow.

General problem
In the design of fin arrays it is often desirable that the required thermal load be dissipated with the minimum weight. The problem defined by Eqs. (37) and (38) is a non-linear programming problem that can be approached converting inequality into equality constraints, defining a number of auxiliary variables β j equal to the number of inequality constraints and solved by a generalized Lagrange multipliers method. The problem of maximization of the heat flow for a given weight defined by Eqs (37b) and (38) can be solved, defining the function 2  2  2  2  2  0  2  2  3  3  4  4  5  5 2
and solving the system obtained equaling to zero the derivatives of L with respect to ρ and Bi, to five multipliers λ i and four auxiliary variables β i , being 5 the number of constraints, one equality constraint and four inequality constraints: So that the two dimensionless quantities, similar to those introduced with Eqs (7) and (13) can be defined 
In conclusion, from the system between Eq. (46) 
To better explain the procedure and to understand the difference between the problems of the minimization of the weight and that of the maximization of the heat flow, a separate analysis of the two cases is necessary.
Fin array of minimum weight at a given heat flow
The existence of a solution for this particular problem is strictly dependent on the value of the heat flow that must be dissipated by the fin array. The maximum heat flow, max Q , exchanged by the fin array with the assigned minimum interfin space, c ' , can be calculated according to 
Examples of application of the proposed procedure and comparison with different methods
In this section a series of examples of the application of the optimum design procedure previously exposed are discussed and analyzed. They concern the fin array with adiabatic tip.
All the tables ad figures provide dimensional results referred to a reference test-case, but the same results could be available in dimensionless form. Before furnishing results obtained from the present analysis, it is required to validate the method with reference to some existing data. In particular the first application is carried out with reference to the data of a test case extracted from [7] Table 1 provides also, for each examined case, the value of the "fin effectiveness" [1] of the single fin of the array, also mentioned as "fin removal number" [14] . This quantity is defined as the ratio of the heat transferred into the base of the fin to the heat transferred through the same primary surface area if the fins were not present, and it is given by ( )
To have a comparison, the results obtained in [7] by means of the computer code are sensibly different because the optimization result obtained in [7] was: n=12 b=1.21 mm L=40 mm W=234.8 g
As can be verified from the Table 2 , the minimum weight is obtained for the maximum number of fins for which the given given heat dissipation capability can be obtained:
for "open" array n=13 b=1.06 mm L=37.5 mm W=210.1 g for "closed" array n=11 b=1.45 mm L=46.0 mm W=298.0 g Moreover, it may be noted a significant difference between the absolute optimum of the "open" array and that of the "closed" array (about 88 g) and the sensible decrease of the weight (more than the 10%) respect to the optimization result proposed in [7] is also remarkable. Then it can be observed how in case of "closed" array, the array is optimized on the boundary, i.e. at the limit of the geometrical criterion, so that the interfin space is equal to the minimum permissible value c ' 15 = mm. Moreover, it can be also verified that, in both the cases, the resulting number of fins is equal to the integer part of the upper limit n + of the range defined by Eq. (52).
Influence of the variation of the thermal heat flow
It is of primary interest to examine the influence of the heat flow increase on the optimization result. So Table 3 provides the results obtained with reference to the same data of the previous example, if the heat flow increases, i.e. when Q =700 W, value always lower than the maximum defined by Eqs (35), both for the "closed" and for the "open" array.
Examining the results of Table 3 , it may be seen how an increase of the heat flow of about the 50% determines a significant increase of the minimum weight of a factor 7 and 10 (for open and closed array, respectively). Table 4 , where in the headers the range of variation for the number of fins determined by Eq. (52) are contained.
Influence of the minimum interfin spacing variation
Increasing the heat flow starting from the value Q =700 W till to values in the proximity of the maximum defined by Eqs. (35a) and (35b), the results of Table 5 can be obtained. From Table 5 it can be seen that, increasing the heat flow, the solution of the optimum design problem, is obtained with a lower number of fins, while the weight increase in a sensible way.
These results are concisely summarized in the Figs. 6 and 7 where the optimum fin number and the corresponding minimum weight are reported as a function of ' c for an assigned heat flow. In all the cases analyzed the assumption of a constant value of the heat transfer coefficient is reasonable because all the optimization results corresponds to a value of the interfin spacing equal to about the lower bound value. Moreover, it seems particularly interesting to show the effect of the minimum available interfin spacing ' c on the value of the heat flow ( ) Q n* determined by Eq. (35a). Figure 8 and Table 6 provide the trend and the detailed values of the upper bound of the maximum heat flow available for the fin array ( ) Q n* in dependence of the minimum interfin spacing ' c respectively. With reference to the same general data used to obtain the results of the Table 5 , if instead of ' ω =1, the value ' ω = 0.6, deduced from the experimental data of [21] , is considered, all the aforementioned consideration about the constraints are still valid and the results of Table 7 can be obtained. In this case the solution of the optimum design problem is possible only for heat flow lower than ( ) Q n* =1317.91 W for "closed" array and lower than ( ) Q n* =1383.21
W for "open" array. Comparing the results of Tables 4 and 6 the effect of the reduction of the heat transfer coefficient on the primary surface in the gap between the fins, is a sensible increase of the weight. 
Discussion and comparison with other methods
The optimum design of arrays of longitudinal fins with constant thickness, considering different mean heat transfer coefficients on the fi n faces and tip, can be recasted to a nonlinear constrained minimization (maximization) problem, that can be solved by means of an analytical procedure easily implemented on computer for solution directly or by means of a support software with a Non Linear Programming package (like the "mincon" function of Matlab Optimization Toolbox).
Concerning the comparison with other optimization methods available in the literature, in addition to some quantitative differences with the other methods as discussed in section 6, the method developed in this paper shows that the use of the removal number for the evaluation of the solution, proposed by some authors in the literature, have to be carefully considered.
Really the extension of the concept of the effectiveness or removal number of the single fin -ε sf defined by Eq. (53)-as "qualification parameter" for the fin arrays is ambiguous.
Considering the results of Tables 2 and 3 it seems that for a given heat flow the solution of the minimum weight optimization problem is the one that corresponds to the higher value of the removal number. But considering the results of Table 4 it is possible to observe how, in both the cases, the optimized solution, obtained for a number of fins of the array of 37 for the "closed" array and 35 for the "open" array, does not correspond to the higher value of the removal number of the single fin. This example definitively clarifies the difference between the approach no. 1 that use the classic results of the single fin optimization based on the application of the results available in the classical literature about the extended surfaces as [3] (summarized in Figure 9 ) and the approach no. 2 described in the introduction for the thermal optimization of fin arrays and object of the work exposed in the present paper. 
Conclusions
In this paper a method for the optimization of convective fin arrays composed by longitudinal fins of rectangular profile is proposed. The method developed reduces the multiobective optimization problem of the fin arrays with a "Bonded Objective Function Method" takes into account only thermal analysis, considering the fluid-dynamic variables only in the constraint of maintaining a minimum interfin space between two contiguous fins, so that well defined heat transfer coefficient values could be maintained, neglecting its variation as a function of the interfin spacing.
As optimum design problem the minimization of the weight for a given heat flow (least material optimization) and the maximization of the heat flow for a given weight are considered. A procedure for a general analysis of the problem is given. A detailed analysis has been limited only to fins with insulated tip when an analytical solution of the problem is available. In this case, the two problem examined have often a coincident solution and the possible differences are related to the discrete nature of the variable n, the number of fins of the array. Two different configurations has been examined ("open" and "closed" array) and it is shown how the optimal solutions denote meaningful differences.
The problem of the minimum weight optimization for a given heat flow has been considered the more meaningful on the practical point of view, and a series of results related to this case are given. In particular the results obtained in two cases (interfin spacing of the order of 15 mm and interfin spacing of 5 mm) are carefully discussed and analyzed. In both the cases the assumption of considering constant value of the heat transfer coefficients can be considered acceptable assumptions.
First of all some not meaningless differences with respect to other methods are shown, then a critical analysis of the results has been carried out. The results obtained for the optimum design problem are often with the minimum permissible interfin spacing, so, from the mathematical point of view, it means that the optimum design problem has often a solution at the boundary of the domain and it appears to be dominated by the imposed constraints.
The optimum number of fins of the array decrease with the increase of the heat flow.
Moreover the maximum heat flow at which the optimum design problem has a solution can be analitically determined. For heat flow lower than the 50% of the maximum defined by Eqs.
(35), the optimum fin number is similar to that permitted by the constraint on the minimum interfin spacing, while if the assigned heat flow increases, the optimum fin number is significantly lower than the maximum number permitted by the minimum interfin spacing. It is also shown how in the definition of the optimal configuration an important role is played by the heat transfer coefficient on the interfin spacing. A reduction of this value determines a sensible increase of the weight of the fin array.
The trends observed in the analysis of some results discussed in this paper and some heat sinks or fin arrays used shows that manufacturability constraints, when applied to thermal design, will result in heat sinks with reduced thermal performance. For this reason, the procedure developed in the paper seems to be very attractive to be applied to practical heat dissipation problems. The method proposed can be also improved with the introduction of a thermal and fluid dynamic model; in this case it is necessary to introduce a model of the heat transfer coefficient h and of the fritction factor f that will depend on Re number and consequently on the hydraulic diameter of the fin channel, and it will be necessary to complicate the problem with the introduction of a constraint related to the pressure drop in the fin channels.
